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Abstract
The masslessness of gluons due to gauge invariance appears to be contradictory with the observed
massive structures of hadrons. As a dual process of gauge transformation, we have to fix the
gauge to quantize the gluons in order to get propagators. The contradictory picture between
gauge invariance and massive gluon propagation with vacuum condensates can be overcome by
introducing generalized θ vacuum composed of curved gauge slices. On the curved gauge slices
the gluon propagator turns out to be dependent on the curvature and in maximally symmetric
space the curvature plays the role of mass, thus providing a solution to the contradiction between
masslessness and massive propagation.
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The rest mass of a particle is usually measured by comparing momentum and velocity,
but in the case of gauge bosons the velocity is either fixed to c or cannot be measured
because of very short life times. The masses of weak gauge bosons W± and Z0 are deduced
from the initial or final four momenta of the interacting particles and therefore represent
just the resonant energy states which are mediating weak interactions. Since the range of
propagation is very short, the contradictory aspects between the massiveness of resonance
and the masslessness as gauge bosons can be accommodated by introducing vacuum filled
with condensates spawned by assumed Higgs field. Now the Higgs field has been confirmed
experimentally and vacuum condensates have become a reality to explain the massiveness
of W± and Z0.
On the other hand, vacuum condensates in quantum chromodynamics (QCD) originate
from the nonperturbative interactions of gluons. These gluons are taken to be massless
because they are introduced as gauge bosons and there still remains the problem of reconcil-
iation of masslessness with the observed hadronic masses. In order to account for hadronic
masses it is convenient to introduce gluonic mass, but the inclusion of mass term is not
consistent with the gauge invariance principle. Therefore we need to devise a new method
to combine gauge invariance and gluonic mass effect.
The first argument of massive gauge boson was based on the possibility of removal of the
weak coupling assumption. With strong vector coupling, gauge invariance could be restored
with the aid of vacuum expectation values of time-ordered operator products [1]. This kind
of Schwinger mechanism had been shown to be accomplished through dynamical symmetry
breaking via self-interactions in the case of massless Yang-Mills theory [2]. However, the self-
interactions are nonperturbative and the dynamically generated gluon mass turns out to be
dependent on momentum resulting in vanishment at short distances [3]. In this case the QCD
vacuum is taken to be a tangle of fluctuating color fields and the effects of fluctuations can
be parametrized by introducing various vacuum condensates [4]. These vacuum condensates
can change the forms of quark and gluon propagators and there appears naturally the idea
of running quark mass [5]. But the gluon propagator remains in massless form when we
consider only gauge invariant operators to define vacuum condensates. A turning point has
been made by considering dimension-2 condensates.
Originally dimension-2 condensate was considered for systematic operator product ex-
pansion of QCD propagators [6] and ghost fields were used to account for the dynamical
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generation of gluonic mass term [7]. Then it seemed quite natural to extend the field oper-
ators into the gluonic ones [8]. However, in this case, the condensate value depends on the
choice of gauge and these dependences can be used to define gauge slices. In flat field space,
gauge slices are taken to be in the form of hyperplane when the gauge condition is given by
linear functional of gauge field Aµ. This situation changes if we consider nonperturbative
interactions of gluons. Because of nonperturbative self-interactions we can induce that the
gluonic states cannot be classified according to the number of gluons. Logically the unique
possibility to define the gluonic state is to consider the state composed of infinite number
of gluons. Let this state be represented by |Ω〉 and then we have
Aaµ(x)|Ω〉 = β|Ω〉 (1)
because the gluon number is not changed by one creation or by one annihilation. Inner
production of each side of this equation results in the covariant relation
〈Ω|Aaµ(x)A
µ
a(x)|Ω〉 = α
2. (2)
This relation defines the dimension-2 condensate and the state |Ω〉 can be taken to represent
a condensed vacuum. For different α values we can get different vacua and this situation
is quite similar to the case of θ vacua. The θ vacuum is defined by linear combination
of local vacuum states deduced from the instanton solution and the eigenvalue of gauge
transformation is represented by the value of θ. Although the eigenstate is fixed by the
eigenvalue e−iθ, the angle θ remains as a free parameter representing different vacuum states
physically independent from each other [9]. The relation between the states |Ω〉 and θ
vacua can be made into a one-to-one correspondence if we combine the ideas of in-hadron
condensates [10] and generalization of θ vacuum with spacetime dependent θ(x, t) [11]. The
spacetime dependent θ has been introduced to account for parity-odd domains formed in
relativistic heavy-ion collisions [12].
In-hadron condensates have been introduced in the analysis of bound states in QCD.
Because of color confinement, quark and gluon condensates can be associated with the dy-
namics of hadronic wavefunctions rather than the vacuum itself [13]. These notions can be
used to cure the problem of huge cosmological constant resulting from conventional con-
densates associated with ordinary vacuum [14]. But there appears the problem of hadronic
boundary if we consider spacetime constant condensate. The other choice is to introduce
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spacetime varying condensates inside hadrons and the variations can be represented with
different α values in Eq. (2). A natural solution to the problem of hadronic boundary is
to assume smooth variations of α into zero for the outer region of a hadron. Then for a
fixed value of α the set of points x satisfying the condition in Eq. (2) are expected to form a
closed surface inside a hadron. For different α values the closed surfaces form a set of slices
which can be taken to represent each gauge fixed vacuum state |Ω〉.
On the other hand, the generalization of θ vacuum with spacetime dependent θ has been
proposed to account for the possible parity violation in an excited vacuum domain formed
in relativistic heavy-ion collisions. The spacetime dependence of θ can be transferred into
complex mass parameter and the effects of this complex mass parameter turn out to be
the creation of quark-antiquark pairs with nonzero chirality. These nonzero chiral pairs can
generate spatial asymmetry in the production of charged pions [15] and the asymmetries
have been observed in heavy-ion experiments [16]. The observations of asymmetries are
interpreted as the evidence of the formation of a domain with θ = θ(x, t) that can be
assigned to new phase of quark-gluon matter. Since the formed domain is restricted to the
collided region of heavy ions, the structure of the points with constant θ is expected to be
a closed surface inside the collided region. For different θ values the closed surfaces form a
set of slices which represent physically independent θ vacua.
What is the relation between vacuum states |Ω〉 and θ vacua? The state |Ω〉 is defined
by the value of dimension-2 condensate and θ vacua have been introduced by defining local
vacuum states deduced from instanton solution. If we can establish some relations between
instantons and dimension-2 condensates, it may be possible to unify the definitions of vacuum
for strongly interacting systems. Fortunately there have been attempts to prove the origin
of dimension-2 condensate as the contributions of instantons [17]. The method of proof had
been restricted to lattice calculations due to the nonperturbative nature of the problem. By
employing different methods to cross check the results, it has been possible to prove that the
dimension-2 condensates receive significant instantonic contributions. The slight differences
are due to the fact that dimension-2 condensates are mainly defined inside hadrons but
instanton solutions exist over some extended region. The unification of definitions of QCD
vacuum can be achieved if we take the collections of curved sets of slices defined by Eq. (2)
as representing generalized θ vacuum [18]. For each θ value only one α value is assigned and
this one-to-one correspondence can be exploited to extend the definition of QCD vacuum.
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Now the gauge slices can be drawn from the inner region of a hadron to the outer region of
heavy ion or quark-gluon matter.
The main transition of viewpoint with new QCD vacuum from the ordinary one is the
curvedness of each gauge slice. This transition is essential for in-hadron condensates and
naturally extended to generalized θ vacuum. In order to deduce the form of curvedness we
need to introduce necessary assumptions and have to construct appropriate model based on
these assumptions. The assumptions are related to the change of QCD vacuum state accord-
ing to creation or annihilation of quark pairs. These changes can be described systematically
by classifying vacuum domains with given numbers of quarks and antiquarks [19], and for
classified domains appropriate measures can be defined to formulate the curvedness. One
example is the amplitude defined by nonlocal quark condensate [20]
〈: q¯(x)q(0) :〉 ≡ 〈: q¯(0)q(0) :〉Q(x), (3)
where the form of Q(x) can be given in one model as [21]
Q(x) =
Q0
xβ
exp
{
−
1
k
x2 − x
ln |x|
}
(4)
with x normalized by appropriate scale parameter. Then by assuming the value of dimension-
2 condensate to be proportional to the probability amplitude to have a quark pair at that
point, we get for a 6-quark domain representing a deuteron [22]
〈A2µ〉 = A
2
0
6∏
i=1
Qxi


6∑
i=1
∏
rj ,rk 6=ri
Qjk +
∑
rj ,rk
Qjk ·
∏
rα,rγ 6=rj ,rk
Qαγ

 (5)
with the notation
Qij =
Q(rij)
Q0
=
Q(|ri − rj |)
Q0
. (6)
Several gauge slices are drawn in Fig. 1 with the formula given in Eq. (5). The positions of
the 6 quarks are chosen such that they stay at the corners of a trigonal prism.
Now the quantization of gluonic field has to be carried out on these curved gauge slices.
To account for the curvedness we need to replace the ordinary derivative by the covariant
derivative defined as
DµAν ≡
∂Aν
∂xµ
− ΓκνµAκ, (7)
where Γκνµ represents the affine connection which relates the ordinary coordinates to the
freely falling coordinates. The free Lagrangian for gluon propagator on curved gauge slice
5
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FIG. 1: (Color online) Equi-〈A2µ〉 surfaces for a deuteron with quarks at (−
√
3
4
,−0.75, 0.75),
(
√
3
2
, 0.0, 0.75),(−
√
3
4
, 0.75, 0.75), (−
√
3
4
,−0.75,−0.75), (
√
3
2
, 0.0,−0.75) and (−
√
3
4
, 0.75,−0.75).
is given by
L = −
1
4
∫
d4x (DµAν −DνAµ) · (D
µAν −DνAµ). (8)
To carry out functional integration we have to arrange the differential operators into the
form
L =
1
2
∫
d4x Aµ · (D
2gµν −DνDµ)Aν , (9)
where the covariant differential operators satisfy the commutation relation [23]
DνDµAκ −DµDνAκ = −AσR
σ
κµν . (10)
The Riemann-Christoffel curvature tensor Rσκµν is defined as
Rσκµν ≡
∂Γσκµ
∂xν
−
∂Γσκν
∂xµ
+ ΓηκµΓ
σ
νη − Γ
η
κνΓ
σ
µη, (11)
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and the contracted Ricci tensor is given by
Rµν = R
σ
µσν . (12)
Then we can rearrange the covariant differential operators and get
L =
1
2
∫
d4x Aµ · (D
2gµν −DµDν +Rµν)Aν (13)
with additional Ricci tensor Rµν . The gluon propagator is obtained as the inverse matrix of
the tensor that appears between the two gluonic fields. In general Rµν varies from point to
point and it is non-trivial to deduce the form of gluon propagator. In case of flat space with
vanishing Ricci tensor we can get the ordinary form of gluon propagator without any mass
parameter. The next simple case is that of maximally symmetric gauge slice where we can
write [24]
Rµν = m2gµν. (14)
The parameter m2 is related to the curvature scalar and the gluon propagator can be ob-
tained as
D
µν
ab (k) =
1
k2 −m2
(
gµν −
kµkν
k2
)
δab, (15)
which is just the propagator form of a particle with momentum k and mass m. Thus gluon
seems to get a mass by propagating on curved gauge slice. For general Rµν it is possible to
have a minus sign in Eq. (14) resulting in the idea of imaginary mass.
The propagation of gluons through curved gauge slices can give solutions to various
problems. First of all, the differences between current quark mass and constituent quark
mass and even dynamical quark mass can be explained systematically. The size of the
extended gluonic domain is related to the estimation of quark mass. Furthermore these
extended gluonic domains can be used to describe multiquark states such as tetraquarks and
are expected to be applicable to the descriptions of exotic nuclei such as 11Li [25] and 4α
linear chain configuration of 16O [26]. For heavy ion collisions, particle production processes
from the new phase of quark-gluon matter are related to the structures of gluonic domains
formed by a set of curved slices which represent generalized θ vacua. This generalized
picture is useful to account for the observed parity violation in hot quark-gluon matter
state. Macroscopically, gluonic domains can be defined for strongly interacting objects like
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neutron stars. Then it is possible to extend the domains into the outside region of neutron
star for very low energy gluons [27]. These gluons can generate mass effects without any
interactions with charged particles or photons. Thus low energy gluons can behave as dark
matter originating from the initial state of the Big Bang. Since the mass parameter is related
to the curvature of large scale gauge slice as in Eq. (14), the 1
r2
variation of dark matter
density in a galaxy can be easily explained. Moreover, for inter-galactic regions, imaginary
mass effects from Eq. (14) may result in repulsive gravity providing for another solution of
the problem of cosmic acceleration [28].
In summary, we have tried to combine the ideas of in-hadron condensates and generalized
θ vacuum resulting in new QCD vacuum composed of curved gauge slices. The gluonic fields
have to be quantized on these curved gauge slices and the curvedness can be accounted
as covariant derivatives in the Lagrangian. Compared with flat space calculations, there
appears additional Ricci tensor and the effect of this additional tensor turns out to be a
mass term in the case of maximal symmetry. If gluons behave as massive particles when
they propagate along curved gauge slices, it is possible to describe massiveness without mass
term. The extended gauge slices into galactic scale or inter-galactic regions may provide new
scopes for dark matter or vacuum energy.
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